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Abstract. Wc study locally conformal calibrated G2-structurcs whose underlying 
Riemannian metric is Einstein, showing an integral formula for compact manifolds. 
We show that a compact homogeneous 7-manifold cannot admit an invariant Ein- 
stein locally conformal calibrated G'2-structure unless the underlying metric is flat. 
In contrast to the compact case we provide a non-compact example of homogeneous 
manifold endowed with a locally conformal calibrated G2-structure whose associated 
Riemannian metric is Einstein and non Ricci-flat. The homogeneous Einstein metric 
is a rank-one extension of a Ricci soliton on the 3-dimensional complex Heisenberg 
group endowed with a left-invariant coupled half-flat S'C/(3)-structure {uj, ip) such 
that duj — — Rc(7/'). 

1. Introduction 

We recall that a 7- dimensional manifold M admits a G'2-structure if the structure 
group of the frame bundle reduces to the exceptional Lie group 6*2. The existence 
of a G2-structure is equivalent to the existence of a non-degenerate 3-form (p defined 
on the whole manifold (see for example [26]) and using this 3-form it is possible to 
define a Riemannian metric g^p on M. 

In [18] is given a classification of G2-structures into 16 classes obtained by de- 
composing into G'2-irreducible components the space to which belongs the covariant 
derivative of Lp with respect to the Levi-Civita connection V'^'". More precisely, it 
is proved that the space W of tensors having the same symmetries as the covariant 
derivative V^'^^p has four G'2-irreducible components Wi, z = 1, . . . ,4, such that the 
following 5f<^-orthogonal decomposition holds: W = Wi © W2 © W3 © W4. 

If ip is parallel with respect to the Levi-Civita connection, i.e. V^'"V9 = 0, then 
the holonomy group is contained in G2, the (j'2-structure is called parallel and the 
corresponding manifolds are called G2-manifolds. In this case the induced metric g^p 
is Ricci-flat. 

The first examples of complete metrics with holonomy G2 were constructed by 
Bryant and Salamon [7|. Compact examples of manifolds with holonomy G2 were 
obtained first by Joyce [2H [25l [26] and then by Kovalev [28]. Incomplete Ricci- 
fiat metrics of holonomy G2 with a 2-step nilpotent isometry group acting on 
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orbits of CO dimension 1 were obtained in [ini ET] . It turns out that these metrics are 
locally isometric (modulo a conformal change) to homogeneous metrics on solvable 
Lie groups which are obtained as rank one extensions of a 6-dimensional nilpotent 
Lie group endowed with an invariant S'[/(3)-structure of a special kind, known in the 
literature as half- fiat [TT] . 

Interesting classes of (non-parallel) G'2-structures are: 

(1) Wi © W3 which corresponds to the G'2-structures for which d* Lp = 0. These 
structures are also called co-closed or co- calibrated. 

(2) Wi which corresponds to the so called nearly parallel G2-structures. i.e. the 
ones for which dtp = k * ip. The underlying metric g^^ is Einstein. 

(3) W2 which corresponds to the G2-structures for which d(f = 0. These structures 
are also called closed or calibrated. 

(4) W2 © W4 which corresponds to the G2-structures for which d(f = fa A ip, 
where a is a closed 1-form. These structures are also called locally conformal 
calibrated, since a conformal change of the metric g into e^'^g (with df = a) 
yields locally a calibrated G2-structure. The closed 1-form a = — | * {*dipA(p) 
is known as the Lee form of the G'2-structure. 

(5) W4 which corresponds to the G'2-structures for which 

dip = a A tp, 
d * (p = 13 A *ip, 

with 4a = 3/3. These manifolds are also called locally conformal parallel, since 
doing the conformal change e'^-^g (with df = — |tt) one gets locally a parallel 
G'2-structure. 

Examples of compact and non-compact manifolds endowed with non-parallel G2- 
structures are given for instance in [H [9l [TOl [HI [15] . In particular, in [10] conformally 
parallel G'2-structures on solvmanifolds, i.e. on simply connected solvable Lie groups, 
are studied. More in general, in [23] it was shown that a 7-dimensional compact 
Riemannian manifold M admits a locally conformal parallel G2-structure if and only 
if it has as covering a Riemannian cone over a compact nearly Kahler 6-manifold 
such that the covering transformations are homotheties preserving the corresponding 
parallel G2-structure. 

By [6l [T2I [19] it is evident that the Riemannian scalar curvature of a G'2-structure 
may be expressed in terms of the 3-form ip and its derivatives. More precisely, in [6] 
an expression of the Ricci curvature and scalar curvature in terms of the four intrinsic 
torsion forms Tj, i = 0, . . . , 3, and their exterior derivatives is given. Moreover, using 
this expression it is possible to show that the scalar curvature has a definite sign for 
certain classes of G'2-structures. 

The geometry of calibrated (j'2-structures is studied in [12]. Bryant proved in [6] 
that if the scalar curvature of a closed G2-structure is non-negative then the G2- 
structure is parallel. 
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We will say that a G'2-structure Lp is Einstein if the underlying Riemannian metric Qip 
is Einstein. An interesting question is then whether there are calibrated G'2-structures 
which are Einstein but not Ricci-fiat. In [6], [12] it was proved, as analogous of Goldberg 
conjecture for almost-Kahler manifolds, that on a compact manifold an Einstein (or 
more in general with divergence-free Weyl tensor [12]) calibrated G2-structure has 
holonomy contained in 6*2 • In the non compact case Cleyton and Ivanov showed 
that the same result is true with the additional assumption that the G'2-structure is 
*-Einstein, but it still a open problem to see if there exist (even incomplete) Einstein 
metrics underlying calibrated G2-structures. 

Einstein co-calibrated G'2-structures which are not nearly parallel have been con- 
structed on 3-Sasakian manifolds in [T], showing that there is no analogous of Gold- 
berg conjecture for co-calibrated G'2-structures in the compact case. 

In contrast to the almost-Kahler case, in [17] it has been proved that a 7-dimensional 
Einstein solvmanifold cannot admit any left-invariant Einstein (co) calibrated G2- 
structure unless the underlying metric is flat. 

In the present paper we are mainly interested on the geometry of locally conformal 
calibrated G'2-structures, i.e. on (72-structures which belong to the class W2 © W4. 

In Section H] we find an integral formula for a compact manifold endowed with 
an Einstein locally conformal calibrated G'2-structure and we show that a compact 
homogeneous 7-manifold cannot admit an invariant Einstein locally conformal cali- 
brated G2-structure unless the underlying metric is flat. In the last section we give a 
non-compact example of a homogeneous manifold endowed with an Einstein locally 
conformal calibrated G2-structure. The underlying homogeneous Einstein metric is a 
rank-one extension of a Ricci soliton on the complex Heisenberg group endowed with 
a coupled half-fiat S'[/(3)-structure {u^ip) such that du = —Iie{ip) (recall that an 
S'f/(3)-structure is called coupled if du is proportional to Re('0) at each point, |35j). 

Acknowledgements. The authors would like to thank Simon Salamon, Uwe Semmel- 
mann and Luigi Vezzoni for useful comments on the paper. Aspects of the work were 
described at the Workshop "G2 days" (King's and University College, London, 2012). 

2. PRELIMINARIES ON G2-STRUCTURES 

Let (ei, . . . , 67) be the standard basis of and (e^, . . . , e^) the corresponding dual 
basis. We set 

^ = el23 ^ gl45 ^ gl67 ^ g246 _ ^257 _ ^347 _ ^356^ 

where for simplicity e*-'^ stands for the wedge product e* A A in A^((]R^)*). 
Then, the subgroup of GL{7,M.) fixing ip is 6*2. The basis (e^, . . . , e^) is an oriented 
orthonormal basis for the underlying metric and the orientation is determined by the 
inclusion G2 C 5*0(7). The group G2 also fixes the 4- form 
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where * denotes the Hodge star operator determined by the associated metric and 
orientation. 

We recall that a G'2-structure on a 7-manifold M is characterized by a positive 
generic 3-form ip. Indeed, it turns out that there is a 1-1 correspondence between 
G2-structures on a 7-manifold and 3-forms for which the bilinear form 5^ defined by 

B^{X, Y) = ^ ix(p A iyip A cp 
o 

is positive definite, where ix denotes the contraction by X. A 3-form (p for which 5^ 
is positive-definite defines a unique Riemannian metric g^p and volume form vol such 
that for any couple of vectors X and Y the following relation holds 

g^{X, Y)vo\ = i ixip A iyip A (p. 

As in [12] we let 



and define the *-Ricci tensor of the G'2-structure as 

P*sm '■— Rijkl^ijs^klm- 

A G'2-structure is said *-Einstein if the traceless part of the *-Ricci tensor vanishes, 
i.e. when p* = ^g, where s* is the trace of p* . 

On a 7-manifold endowed with a G2-structure, the action of G2 on the tangent 
spaces induces an action of G2 on the exterior algebra A^(M), for any p > 2. In [5] 
it is shown that there are irreducible G'2-Hiodule decompositions 

A2((M7r) = A?((M^)*)©A?,((MT), 

A3((M7)*) = A?((M^)*) © A3((M7)*) ® A3,((m7)*)^ 

where A^((]R^)*) denotes an irreducible G'2-Hiodule of dimension k and 

A?4((K^)*) = {« e A\{R'T) I a A = - * a} - 02, 
A2((m7)*) = {ae A2((R7)*) I a A ^ = 2 * «}, 

Ahmr) = {7 e A'mr) 1 7 a ^ = o, 7 a *^ = o} - s'.mr), 

A^r) = {*W e A\{RT)}, 

A?((M^)*) = M^, 

where S'g((]R^) ) denotes the space of traceless symmetric 2-tensors. Using the pre- 
vious decomposition of p-forms in [6] a simple expression of dip and d * ip is ob- 
tained. More precisely, for any G'2-structure Lp there exist unique differential forms 
To e A%M) = Wi, Ti e A\M) = W4, T2 e Aj^^M) = W2, n e Al^{M) = W3 such 
that 

dip = tq* Lp + 3ri /\ip + *r3, 
d* ip = 4ri /\*ip + T2 /\ ip, 
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where A^(M) denotes the space of sections of the bundle A^(r*M). 
One has the following relations [27] : 

*{*ip A *{*ip A a)) = 3a, 

(1) ip A *{*(p A a) = 2{*(p A a), 

I * 95 A = 3|ap, 

for any 1-form a. 

The 2- form T2 belongs to the space Al^{M), i.e. it satisfies the condition 

(2) T2 Aip = - * T2. 

It is proved in [0] that for T2 also hold 

It2|2 — It- |4 
r2 I — F2I , 



7-2 A *(t|) = |T2p * Ta - I * (r| A 
\ri\'<l\r2\', 

where by t| and t| we denote respectively the wedge products T2 A T2 and T2AT2AT2. 

3. Curvature of locally conformal calibrated Ga-STRUCTURES 

For a Ga-structure which belongs to the class W2 © W4 one has (using the notations 
of i) 

dip = 3ri A V3, 
^ ^ d* ip = 4ri A + r2 A 

By [6] the Ricci tensor and the scalar curvature are given in terms of the differential 
forms Ti, i = 0, . . . , 3, respectively by 

^ic{g<p) = -(|5ri + 15|ri|2 - \\T2\'^)g^ + * {n A - \dT2 

(5) +|ri A *(ri A + In A + | * (r|)], 

Sca/((7^)= 12(5ri + 30|Ti|2- i|r2p, 
where j : A3((M7)*) ^ ^2((^7)*) jg j^^p defined by 

3{l){y. ly) = A iw>P A 7] 

and 5 is the formal adjoint of d. By [6] one has that j{ip) = Gg^p and j(A7((M'')*)) = 0. 

If one considers the G2-equivariant map i : iS'^((M'^)*) — A^((M '')*), defined on 
decomposable elements by: 

i{ao fj) = a A *{/3 A *(p) + /3 A *(a A 

then i{g^) = 6ip and ^^((M^)*) = Rg^ © >5o((K^)*) is a decomposition of ^^((M^)*) 
into G2-irreducible modules, i is injective and z(iS'q((M'^)*)) = A27((ffi'^)*). Moreover, 
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(6) = 87 + 4 * ((/? A *7)(/) = 87 + 4 * {*Lp A 7)^?, 

for any 3-form 7. 

Taking the exterior derivative of (jl]) one gets 

dn = 0, 

= d{d * ip) = — 4ri A d* if + dT2 A ip + 3ti A T2 A 
and thus, by (jl]), 

dT2 A (p = Ti A T2 A (p. 
Since T2 G Af^lM), one has that 

(7) T2A*ip = 
and differentiating ((Tj) yields 

= d{T2 A *ip) = dr2 A *ip + tI A ip = dT2 A *(p — T2 A *T2, 

implying that 

(8) dT2 A*(p = |t2|^ * 1. 

Let 9 denote the 2-form *(ri A *ip), using the second relation of ([1]) we have 

9A(p = *{ti A *(p) A (p = 2{ti A *ip) 
= 2 * *(ri A *cp) = 2*6, 

thus 9 G A?(M) and g^{9,T2) = 0. Moreover, \9^\'^ = 12\n\\ 

Lemma 3.1. For any locally conformal calibrated G2-structure 
dT2 = i-f5n-f\n\^ + f-jT2\')^-5d9 

+ 10ti a ^ + Ti a Ta + I * (t2 a T2) - li{Ric\g^)), 

where Ric^{g^) is the traceless Ricci tensor of g^. 

Proof. Using (HD , © , (H 

-lij{d9) = -10d9-5*{ipA*d9)ip, 
-zij{dr2) = -2dT2 - \t2\'^(P, 
lij{TiA9) = 20ri A^ + 30|ti|V, 
|zj(nAT2) = 2riAr2, 
|ij(*(T-2 A r2) = *(r2 A r2) - llralV- 
Then using (|5]) and the fact that Ric{g^) = Ric'^{gy,) + ^Scal{g^)g^, 

i{mc\g^)) + CiSn + '-f\n\^-l\T2\')ip = (-96^ - QO\n\^ - 5 * (p a *d9))ip 

-10d9 - 2dT2 + 20ri A + 2ri A ra 
+ * (r2 A T2). 



EINSTEIN LOCALLY CONFORMAL CALIBRATED G2-STRUCTURES 7 

This yields 

dr, = riAT2-i2(Ric°(^/^))-^(5n)^-f^|ri|V + T||r2|V 
-5de - I * (v? A *de)(f + lOri A 9 + ^ * A T2). 

By the first relation of ([1]) 

3d*Ti = d{*(p A *{*(p A Ti)) 

= (4ri A *(p + T2 A ip) A *{*ip A Ti) + *ip A d * (*(/? A ri)) 
= 12\ti\^ * 1 + (p A*de, 

since T2 A cp A 9 = 2t2 A *6 = 0. Then 

-f*((^A*de) = 30|ri|2 + f5ri 

and the Lemma follows. 

□ 

Remark 3.1. If ti = 0, i.e. if the G2-structure is calibrated, one gets the relation 
(4.39) ofm- 

4. Einstein locally conformal calibrated G2-structures 

For compact manifolds we can prove the following 

Theorem 4.1. Let M be a compact 7 -dimensional manifold endowed with a locally 
conformal calibrated G2-structure whose underlying Riemannian metric g^p is Ein- 
stein, then the following integral formula holds 

J,, [240\n\^ + '-f\n\^\T2\' - f Ir^r - 2(|np + Ir^p) + f |r| + 9r + 2\*n- rfp 
+ |Scal((7)(|r2|2 - 150|ri|2)] * 1 = 0. 

Proof. By Stokes' Theorem we have 

(9) d (|r| + 5t| a ^ + 25r2 A + i|5^3) ^ g. 
Using the linearity of d we get that the integrand is equal to 

(10) ic/(T|) + 5d(r| A ^) + 25d{T2 A 9^) + ^d{9^). 

Since g^p is an Einstein metric, the expression of dT2 obtained in Lemma [STTl becomes 

(11) dT2 = (-f M - f |ri|2 + A 1^2!') V - hd9 + IQn A9 + n Ar2 + \ * (r|), 
indeed 

Ric°(5(^) = Ric(5f^) - ]^ca\.{g^)g^ = 

and then 

z(RicO(^?^)) = 0. 
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By ([2]), the first identity of (I3j) and ( fTTl) tlie first summand of (ITOl) is equal to 

|(i(r|) = r2 A T2 A dT2 

= {f6n + f |rip - ^|r2p) |r2p * 1 - 5r| A 
+ 10r| A Ti A 6* + ri A r| + i|r2|^ * 1. 

Using ([2]) and (fTTj) we also find that 

5d(r| A 61) = 10dT2 A T2 A 6* + 5r| A d6 

= 10 (-f 5ri - f |ri|2 + ^|r2|2) (- * r2 A ^) - SOd^ A r2 A 6* 
+100ri A r2 A + lOri A t| A 6* + 5 * (r2 A r2) A r2 A 6* 
+5r| A d9. 

Now by the definition of * we can write 

*r2 A ^ = g^{T2,0) * 1 = 

since 6 G K^{M) and T2 G Af4(M). Moreover from the first identity of ([I]), the second 
identity of ([3]) and ([7]) we obtain 

5 * (r2 A r2) A r2 A ^ = 5 (|r2p * T2 - | * (r|) A *ip) A 

= -5TiAr| 

and we can conclude that the second summand of (fTOj) is equal to 

- 50de A r2 A ^ + lOOri A r2 A + lOn A r| A ^ - 5ti A t| + 5r| A dO. 
Using the second and the third identity of ([T]) we can show that 

(^A^^ ^ 6|ti|2*1 

and from this obtain the following expression for the third summand of ( iTOil 

2bd{T2^e'^) = 25{dT2 A + 2t2 A de A 6) 

= 150 {-f6Ti - f |ri|2 + kip * 1 - 125(i^ A 9^ 

+250ri A ^3 + 25ri A r2 A + f * (r2 A T2) A 9^ 
+50r2 Ade Ad. 

Finally for the last summand of ( fTOj) we have 

_ 125d^A^^ 

Using the expressions obtained for the four summands it follows that (fTOl) is equal 

to 

(||r2|^ + (f 5n + f |riP - ^|r2p) (|r2p - 150|rip)) * 1 
(12) +20ri A r| A 6* - 4ri A r| + 125ri A r2 A 

+250ri A ^3 + f * (r2 A T2) A 6^. 
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From the expression of the scalar curvature ([5]) we have 
f5ri = iScal((7^)-|||ri|2 + 
and using this we find that ( fT2|) is equal to 

(ik2|' + ^Flnl - 1125|rir + iScal(^7^) (Ir^p - 150\n\')) * 1 
(13) +20ri A r| A ^ - 4ti A t| + 125ti A Ts A 6*2 

+250ri A + f * (r2 A Ts) A ^2. 

Let us now consider the summands that are written in terms of wedge product of 
various differential forms and write them in terms of the volume form *1. 
Using the computation in local coordinates we have 

20riAr|A^ = 10 * (t|) A 

= lOg^irle')*!. 
By the definition of the Hodge star operator we find that 

-4ri A t| = -4 * (*ri) A t| 

= -4:gA*ri,Ti) *1. 

Using the computation in local coordinates we also find that tiA9^ G A^{M), then 
Ti A 9"^ and *T2 are ^fi^-orthogonal and 

125riAr2A^2 ^ 125ri A *(*r2) 

= 125^^(riA6'2,*r2)*l 
= 0. 

Still from local coordinates computation we have 

250riA^3 ^ 1500|ri|^*l. 

Finally using the definition of * we have 

f *(r2Ar2)A^2 ^ ^^g^^^^Q') * 1. 

That being so we can conclude that f|T3l) is equal to 

(375|ti|4 + if |ri| V2P + (iScal(^7^) + ||r2P) (1x2^ - 150|nP) 
-Ag^(^n,Tl) + fg^iTi,e^))*l 
and from this the integral identity follows. □ 

Remark 4.1. Under the same assumptions as in Theorem \4.1\ 

(1) If Ti = 0, one has f |t"2|^ * 1 = as Bryant found in [Sj. 

(2) // the Lee form is co-closed, i.e. if 6ti = 0, then 

Im h^l^il' + 45|ri| - W\^2\' - 2(|rip + |r2p) + f |r| + 

+2\*Ti -t||2] * 1 = 0. 
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(3) IfT2 = 0, then 15|ri|4 * 1 = 2^Scal2(^)Vol(M). 

We will show now that a compact homogeneous 7-manifold cannot admit an invari- 
ant Einstein locally conformal calibrated G2-structure unless the underlying metric 
is flat. 

Let us recall that in the homogeneous case Ricci flatness implies flatness ([2]) and 
the following 

Theorem 4.2 Let {M,g) be a homogeneous Einstein manifold with negative 

scalar curvature, then M is not compact. 

From this theorem we have that every 7-dimensional compact homogeneous man- 
ifold M with an invariant G'2-structure f whose associated metric is Einstein has 
Scal(5f^) > 0. Let us now prove the following 

Proposition 4.1. // ip is an invariant G2-structure on a 7-dimensional compact 
homogeneous manifold M , then 5ti = on M , where 5 is the coderivative with respect 
to the underlying metric g^. 

Proof. It is a general fact that the integral of 6ti over M is (see for instance [3]). 
Then using the fact that the 3-form Lp is invariant we have 

= J^j6ti*1 = 5tiVo\{M) 

and from this the assertion follows. □ 

The following result is a corollary of a Bochner's Theorem (1964). 

Proposition 4.2. If{M,g) is a compact, oriented Riemannian manifold with Iiic{g) > 
and has positive Ricci curvature at one point, then all harmonic 1- forms vanish ev- 
erywhere on M . 

If we consider a 7-dimensional, oriented, compact smooth manifold M with an 
Einstein locally conformal calibrated G'2-structure and we suppose that Scsl{g^) > 
and 6ti = 0, then we have that ti is harmonic since it is also closed and Ric((7<^) = 
|Scal(<7(p)5'(p is positive deflnite, so from the previous Proposition the 1-form ti van- 
ishes everywhere on M. From this fact it follows that the G2-structure is closed and, 
since we are now under the hypotesis of Bryant's result ([H]), the G2-structure is 
actually parallel. We can summarize this result in the following 

Proposition 4.3. Let M be a 7-dimensional, oriented, compact, smooth manifold 
endowed with an Einstein locally conformal calibrated G2-structure tp. Suppose that 
Scal(5f^) > and 6ti = 0, then the G2-structure Lp is parallel. 

In particular, a 7-dimensional compact homogeneous manifold M cannot admit an 
invariant locally conformal calibrated Einstein G2-structure ip, unless the underlying 
metric g^p is flat. 
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5. NON COMPACT HOMOGENEOUS EXAMPLES 

In this section we construct locally conformal calibrated G2-structures ip inducing 
an Einstein (non Ricci-flat) metric on non-compact homogeneous manifolds. All the 
known examples of non-compact homogeneous Einstein manifolds are solvmanifolds, 
i.e. simply connected solvable Lie groups S endowed with a left-invariant metric (see 
for instance the recent survey |32]). D. Alekseevskii conjectured that these might 
exhaust the class of non-compact homogeneous Einstein manifolds (see [U 7.57]). 

Lauret in [33] showed that every Einstein solvmanifold is standard, i.e. it is a 
solvable Lie group S endowed with a left-invariant metric such that the orthogonal 
complement a = [s,s]"'", where s is the Lie algebra of is abelian. We recall that, 
given a metric nilpotent Lie algebra n with an inner product ( , ) , a metric solvable 
Lie algebra (s = n © a, ( , )') is called a metric solvable extension of (n, ( , )) if the 
restrictions to n of the Lie bracket of s and of the inner product ( , )' coincide with the 
Lie bracket of n and with ( , ) respectively. The dimension of o is called the algebraic 
rank of s. 

In [22I 4.18] it was proved that the study of standard Einstein metric solvable Lie 
algebras reduces to the rank-one metric solvable extension of a nilpotent Lie algebra 
(i.e those for which dim(a) = 1). Indeed, by [22] the metric Lie algebra of any {n + \)- 
dimensional rank-one solvmanifold can be modelled on (s = Mi7 © n, ( , )) for some 
nilpotent Lie algebra n, with the inner product ( , ) such that (if, n) = 0, {H, H) = 1 
and the Lie bracket on s given by 

[H,X] = DX, [X,r] = [X,F]„ 

where [ , ]„ denotes the Lie bracket on n and D is some derivation of n. By [30] 
a left-invariant metric /i on a nilpotent Lie group is a Ricci soliton if and only 
Ric(/i) = cl + D for some c G M and some derivation D of n or, equivalently, if 
and only if (A^, h) admits a metric standard extension whose corresponding standard 
solvmanifold is Einstein. 

In [37] all the 7-dimensional rank-one Einstein solvmanifolds are determined, prov- 
ing that each one of the 34 nilpotent Lie algebras n of dimension 6 admits a rank-one 
solvable extension which can be endowed with an Einstein inner product. 

6-dimensional nilpotent Lie algebras admitting a half-flat >S[/(3)-structure have 
been classified in [13]. We recall that a <5'[/(3)-structure on a 6-manifold consists 
of an almost Hermitian structure {h,J,u) and a unit (3,0)-form -0. Since SU{3) is 
the stabilizer of the transitive action of G2 on the 6-sphere S^, it follows that a G2- 
structure on a 7-manifold induces an iS'f7(3)-structure on any oriented hypersurface. 
If the G2-structure is parallel, then the iS[/(3)-structure is half-flat ([H]); in terms 
of the forms {u,i(:), this means d{u A u) = O,(i(Re('0)) = 0. Now we will construct 
an Einstein locally conformal calibrated (j'2-structure on a rank-one extension of the 
Iwasawa Lie algebra (i.e the Lie algebra of 3-dimensional complex Heisenberg group) 
endowed with a coupled half-fiat structure such that du = — Re('0). 
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le' A e^, z = 1, . . 

A e'^ + A 



e2 Ae^ 



Example 5.1. Lei n be the Iwasawa Lie algebra and s the Einstein rank-one solvable 
extension with structure equations 

de^ ■■ 
de^ 

de^ = e*' A + A e"^ + A 
de^ = 

The associated solvable Lie group S is not unimodular and so it will not admit any 
compact quotient ([M]). 
The inner product on s 

g = {e^f + ... + ^e\ 

is Einstein with Ricci tensor Ric{g) = ~3g and it is the rank-one extension of a Ricci 
soliton h on the Iwasawa Lie algebra n. 
The 3-form 

Cp = el27 + e347 _ e567 ^ gl36 _ ^145 _ ^235 _ ^246 

has stabilizer G2 and it is such that g^ = g- Moreover, ip induces on n the coupled 
half- flat SU (3) -structure 

uj = e^^ + e'^ + ^ = (e^ + ze') A (e^ + te^) A (e^ + ie^), 

such that duj = —R.e{ilj), where by d we denote the differential on n. 
The G2-structure Lp satisfies the conditions 

dip = —e^ A 

d * ^ = -e^ A (3el256 + 26^234 + 3e3456)_ 

Then the corresponding solvmanifold {S, (f) is an example of non-compact homoge- 
neous manifold endowed with an Einstein (non flat) locally conformal calibrated G2- 
structure. Note that 



and 



--e 
3 



5ti 



T2 



-e 
3 



12 



4 

3' 



r2 



5e« + He- 
3 3 



150 1 Til 



Moreover, the G2-structure is not *- Einstein, since by direct computation one has, 
with respect to the orthonormal basis (ei, . . . , 67), that 

/lOOOO 0\ 

1 

1 

p'= 00010 

22 

22 

\0000 -6/ 
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Remark 5.1. The Riemannian metric on n associated to the SU (3) -structure {oj^il)) 
is a Ricci soliton. Moreover, since du = — Re('0), the SU (3) -structure is half-flat 
and its intrinsic torsion belongs to the space Wi^ © W2~, where Wi^ = M and 
W2' =su(3). 

We provide now a non compact example of homogeneous manifold admitting an 
Einstein (non flat) locally conformal parallel G'2-structure. 

Example 5.2. The Einstein rank-one solvable extension of the Q- dimensional abelian 
Lie algebra is the solvable Lie algebra with structure equations 

j de^ = ce* A e'^, i = 1, . . . , 6, 
\ de'^ = 0, 

where c is a non-zero real number. The Riemannian metric 

g = {e'f + ... + {e''f 

is Einstein with Ricci tensor given by Ric{g) = —6c^g. 
The 3-form 

^ = el25 _ g345 ^ gl36 ^ ^246 ^ ^147 _ ^237 ^ ^567 

has stabilizer G2 and satisfies the conditions 

dip = 3ce2746 _ 3ce3745 + 3cel725 + 3cgl736^ 
d*ip = 4ce27356 + 4cel7234 _ 4cel7456_ 

Therefore d * ip = /3 A *Lp, with (5 = — 4ce''. R is immediate to show that ti = —ce' 
and To = = r2 = Ts. 
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